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Outline of talk

� Motivation; p olynomial division enco ding

fo r cyclic co des

� Automo rphisms ) mo dule (quasi-cyclic) struc-

tures

� Gr• obner bases fo r mo dules

� Evaluation co des from o rder domains (in-

cluding A G Goppa co des)

� Examples
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x 1. Some motivation

� T o use a co de in p ractice, must have e�-

cient enco ding and deco ding algo rithms.

� F o r enco ding a linea r blo ck co de, kno wing

a generato r matrix su�ces.

� But fo r \la rge" co des (la rge n and k , over

la rge �elds), a full generato r matrix G can

require a la rge amount of sto rage space.

� Can w e do b etter?
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Cyclic co des

� When our co de has some additional struc-

ture, often, y es .

� Sa y C is cyclic of blo ck-length n over F

q

(k ey example { the Reed-Solomon co des

R S ( k ; q ) with n = q � 1).

� Standa rd fact: Rep resenting co de w o rds as

p olynomials mo dulo x

n

� 1, C can b e view ed

as an ideal C � F

q

[ x ] = h x

n

� 1 i .

� PID p rop ert y of F

q

[ x ] ) C is generated b y

some g ( x ) of degree � n � 1.

� , C has a generato r matrix G whose ro ws

a re all cyclic shifts of the vecto r of co e�-

cients of g ( x ), so w e can replace full G b y

one of its ro ws without loss of info rmation.
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Cyclic co des, continued

� T o enco de in this setting, w e can use the

follo wing p ro cedure: Info rmation p ositions

a re the co e�cients of t

n � k

; : : : ; x

n � 1

, and

the pa rit y checks a re the co e�cients of

1 ; x; : : : ; x

n � k � 1

.

Input: g ( x ), generato r p oly fo r C

info rmation symb ols c

n � k

; : : : ; c

n � 1

Output: y , a co dew o rd

p := c

n � k

x

n � k

+ � � � + c

n � 1

x

n � 1

;

y := p � R em ( p; g ; x );

� As usual, p � R em ( p; g ; x ) is divisible b y g ( x ),

hence an element of the ideal C .

� Since g has degree n � k , R em ( p; g ; x ) con-

tains only terms in 1 ; x; : : : ; x

n � k � 1

. The

other terms will b e the same as in p ) this

is a \systematic" enco ding metho d.
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x 2. Automo rphisms and mo dule

structures

Generalizing the cyclic case, consider any linea r

blo ck co de C with a cyclic group G = h � i of

automo rphisms ( C is \quasicyclic").

� Let O

i

, i = 1 ; : : : ; r b e the o rbits of the

comp onents of co dew o rds under � .

� F o r example, if n = 8, and � = right cyclic

shift b y t w o p ositions:

� : ( x

1

; x

2

; x

3

: : : ; x

8

) 7! ( x

7

; x

8

; x

1

; : : : ; x

6

)

is an automo rphism of a co de, then there

a re t w o o rbits : O

1

= the o dd-numb ered

p ositions and O

2

= the even-numb ered p o-

sitions.

� By general facts on group actions, j O

i

j j j G j

all i .
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The mo dule structure

� Pick any x

i; 0

in i th o rbit and relab el the o r-

bit as x

i;j

, j = 0 ; : : : ; j O

i

j� 1, where � ( x

i;j

) =

x

i;j +1 mo d j O

i

j

.

� Construct ' : C ! F

q

[ t ]

r

b y

( x

i;j

) 7!

r

X

i =1

(

j O

i

j� 1

X

j =0

x

i;j

t

j

) e

i

� F o r example if x 2 C , n = 8 which has

� = double right cyclic shift as an auto-

mo rphism, taking x

1 ; 0

= x

1

and x

2 ; 0

= x

2

,

w e have

� ( x ) = ( x

1

+ x

3

t + x

5

t

2

+ x

7

t

3

;

x

2

+ x

4

t + x

6

t

2

+ x

8

t

3

)
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The mo dule structure, contin-

ued

� ' ( C ) is closed under sums if C is linea r.

� t � ' ( x ), follo w ed b y \division b y t

j O

i

j

� 1 in

the i th comp onent," gives ' ( � ( x )).

� In example,

t � ' ( x ) = ( x

1

t + � � � + x

7

t

4

; x

2

t + � � � + x

8

t

4

)

� ( x

7

+ � � � + x

5

t

3

; x

8

+ � � � + x

6

t

3

)

= ' ( � ( x ))

� Let � : F

q

[ t ]

r

! F

q

[ t ]

r

=O , where O = h ( t

j O

i

j

�

1) e

i

: i = 1 ; : : : ; r i . Then � ( ' ( C )) is closed

under multiplication b y t , hence b y any p oly-

nomial.
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F o rmal statement

W e have sk etched the p ro of of:

Theo rem 1 Any linea r blo ck co de C over F

q

with a cyclic group G of automo rphisms has

the structure of a mo dule over the ring F

q

[ t ]

(a submo dule of

F

q

[ t ]

r

= h ( t

j O

i

j

� 1) e

i

: i = 1 ; : : : ; r i ;

where r ; O

i

as ab ove).

(Can also b e generalized to non-cyclic groups

G ; the co rresp onding statement is that the

co de can b e view ed as a submo dule of a free

mo dule over the group algeb ra F

q

[ G ].)

W e'll see some interesting examples later.
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x 3. Gr• obner bases fo r mo dules

� A useful to ol fo r studying these mo dule

structures on co des is p rovided b y the the-

o ry of Gr• obner bases fo r mo dules over p oly-

nomial rings S { theo ry fo r ideals can b e

seen as a sp ecial case.

� W e will only use the case of S = F

q

[ t ] which

is somewhat simpler; consult references fo r

general theo ry .

� A monomial m in M = F

q

[ t ]

r

is an element

of the fo rm m = t

i

e

j

, where e

j

is the j th

standa rd basis vecto r in M .

� A monomial o rdering is a total o rdering >

on the collection of monomials that satis-

�es t

i

e

j

> e

j

fo r all j and all i > 0, and

is compatible with the mo dule structure:

m

1

> m

2

) t

i

m

1

> t

i

m

2

, all i .
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Some examples of monomial o r-

ders

� First o rder the e

j

themselves; w e'll use

e

1

> e

2

> � � � > e

r

(opp osite is also p ossible and is used to o).

� The p osition over term (o r P O T ) o rdering

on F

q

[ t ]

r

:

t

i

e

j

>

P O T

t

k

e

`

if j < ` , o r j = ` and i > k .

� The term over p osition (o r T O P ) o rdering

on F

q

[ t ]

r

:

t

i

e

j

>

T O P

t

k

e

`

if i > k , o r i = k and j < ` .
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Another example

In his Gr• obner basis description of Reed-Solomon

deco ding algo rithms, Fitzpatrick uses another

o rder >

s

on F

q

[ t ]

2

. Pick s 2 Z . Then >

s

is

de�ned b y t

i

e

j

>

s

t

k

e

`

if j = ` and i > k and

t

i

e

2

>

3

t

k

e

1

if i + s � k (and opp osite o rder if

not).

F o r instance, with s = 3:

e

1

<

3

t e

1

<

3

t

2

e

1

< t

3

e

1

<

3

e

2

<

3

t

4

e

1

<

3

: : :

(Whether e

1

>

s

e

2

o r e

1

<

s

e

2

dep ends on sign

of s 2 Z here.)
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\Gr• obner basics"

� Given a monomial o rder > , every f 2 F

q

[ t ]

r

has a unique leading term LT

>

( f ).

� There is a division, o r no rmal fo rm algo-

rithm generalizing the algo rithm fo r p oly-

nomials.

� F o r any nonzero submo dule M � F

q

[ t ]

r

,

have LT

>

( M ), the submo dule generated b y

all leading terms of elements of M .

� A Gr• obner basis G fo r M w.r.t. > is a set

G � M such that the LT

>

( g ) fo r g 2 G gen-

erate the leading term submo dule LT

>

( M ).

� Have general Buchb erger algo rithm fo r com-

puting Gr• obner bases in this setting.
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Gr• obner basis of a co de

Given a co de C as in Prop 1, w e consider the

co rresp onding submo dule of F

q

[ t ]

r

, that is the

submo dule

M ( C ) = h ' ( C ) i + h ( t

j O

i

j

� 1) e

i

: i = 1 ; : : : ; r i

A Gr• obner basis fo r M ( C ) will b e called a Gr• obner

basis fo r the co de .

\T o y example": Consider the co de C over F

2

with generato r matrix

G =

0

B

@

1 0 0 0 1 0 0 0

0 0 1 0 0 0 1 0

0 1 0 1 0 1 0 1

1

C

A

Note C is closed under � = right double cyclic

shift.
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\T o y example," continued

� With o rbits O

1

; O

2

as b efo re, the ro ws of

G co rresp ond to mo dule elements

g

1

= (1 + t

2

) e

1

;

g

2

= ( t + t

3

) e

1

= tg

1

;

g

3

= (1 + t + t

2

+ t

3

) e

2

:

� M ( C ) = h g

1

; g

2

; g

3

i + h ( t

4

+ 1) e

1

; ( t

4

+ 1) e

2

i .

� With resp ect to POT o rder, G = f g

1

; g

3

g

is a Gr• obner basis of C , since ( t

4

+ 1) e

1

=

( t

2

+ 1) g

1

and ( t

4

+ 1) e

2

= ( t + 1) g

3

.
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Gr• obner basis enco ding

When Prop osition 1 holds, can use a Gr• obner

basis G fo r C (any monomial o rder) to enco de:

� Info rmation p ositions a re the co e�cients

of the non-standa rd monomials (i.e. el-

ements of LT

>

( M ( C )) of fo rm t

j

e

i

with

j � j O

i

j � 1)

� P a rit y check p ositions a re the standa rd mono-

mials (i.e. in complement of LT

>

( M ( C )))

� T o enco de a w o rd c , fo rm the linea r com-

bination f =

P

c

i

m

i

( m

i

the non-standa rd

monomials), then

� Compute x = f � f

G

(where f

G

is the re-

mainder on division b y G .

� ) x 2 M ( C ).

15



x 4. A G Goppa co des and co des

from o rder domains

Our general constructions apply to many in-

teresting co des, e.g. some A G Goppa co des.

� Sta rt with a smo oth p rojective algeb raic

curve X � P

n

de�ned over F

q

(p referably

with \many" F

q

-rational p oints).

� Let G and D = P

1

+ : : : + P

n

b e e�ective

diviso rs on X , sums of F

q

-rational p oints,

w/ disjoint supp o rts. T ak e L ( G ) = f f 2

F

q

( X ) : ( f ) + G � 0 g [ f 0 g .

� De�ne

ev : L ( G ) ! F

n

q

f 7! ( f ( P

1

) ; : : : ; f ( P

n

))

Let C = C

L

( D ; G ) = im ( ev ) � F

n

q

.
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Observations

� Can tak e G = mQ and D = sum of all other

F

q

-rational p oints to maximize j G j (gives

the class of \one-p oint Goppa co des")

� Many interesting curves that have lots of

F

q

-rational p oints also have many automo r-

phisms �xing G = mQ and D .

� Any such automo rphism induces an auto-

mo rphism of the co de C

L

( D ; mQ ).

� W e can tak e � = any such automo rphism

and use G = h � i .

� ) such co des have F

q

[ t ]-mo dule structures,

and Gr• obner basis enco ding.
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Hermitian curve co des

� Let � b e a p rimitive element of F

q

2

.

� Consider the Hermitian curve over F

q

2

{

H = V ( X

q +1

� Y

q

Z � Y Z

q

) � P

2

.

� H has q

3

+ 1 F

q

-rational p oints: q

3

a�ne

p oints: q on each line X = cZ and Q = (0 :

1 : 0) at in�nit y .

� This is the maximum p ossible fo r a curve

of genus g = q ( q � 1) = 2 over F

q

2

, b y the

Hasse-W eil b ound: j C ( F

q

2

) j � 1 + q

2

+ 2 g q :

� Let � : ( X : Y : Z ) 7! ( �X : �

q +1

Y : Z ),

then � is an auto. of H �xing Q and p er-

muting the q

3

a�ne F

q

2

-rational p oints. )

Can apply the construction ab ove.
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The Hermitian curve over F

4

-

6

~

~

~

~

~

~

~

~

0 1 � �

2

x

0

1

�

�

2

y
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C

L

( D ; mQ )'s mo dule structure

� : ( X : Y : Z ) 7! ( �X : Y : Z ) p ermutes

the a�ne F

4

-rational p oints in 4 o rbits, t w o of

length 3, and t w o of length 1:

O

1

= f (1 : � : 1) ; ( � : � : 1) ; ( �

2

: � : 1) g

O

2

= f (1 : �

2

: 1) ; ( � : �

2

: 1) ; ( �

2

: �

2

: 1) g

O

3

= f (0 : 0 : 1) g

O

4

= f (0 : � : 1) g

Simila r patterns fo r any F

q

2

: Under � there

a re q o rbits of length q

2

� 1 (all co o rdinates

nonzero), one of length q � 1 ( X = 0, Y 6= 0),

and one of length 1 ( f (0 : 0 : 1) g )
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The co de C

L

( D ; 3 Q )

The a�ne co o rdinate functions x = X = Z and

y = Y = Z a re elements of L (3 Q ), as is 1 = Z = Z .

Hence, if w e o rder the F

4

-rational p oints on H

in one pa rticula r w a y , the co de C

L

( D ; 3 Q ) is

the span of the ro ws of the matrix:

0

B

@

1 1 1 1 1 1 1 1

0 0 1 1 � � �

2

�

2

0 1 � �

2

� �

2

� �

2

1

C

A

Can b e seen that this co de has pa rameters

[ n; k ; d ] = [8 ; 3 ; 5] over F

4

(b est p ossible fo r this

n; k ).
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Gr• obner basis

The reduced POT Gr• obner basis fo r the co r-

resp onding submo dule of F

4

[ t ]

4

is:

g

1

= ( t + �; t + �; �

2

; �

2

)

g

2

= (0 ; t

2

+ t + 1 ; �; �

2

)

g

3

= (0 ; 0 ; t � 1 ; 0)

g

4

= (0 ; 0 ; 0 ; t � 1)

� Info rmation p ositions: t

2

e

1

, t e

1

, t

2

e

2

.

� P a rit y checks: e

1

, t e

2

, e

2

, e

3

, e

4

.
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Order functions

H�holdt, van Lint, and P ellik aan (building on a

lot of p revious w o rk) intro duced the follo wing

idea:

Def. Let R b e a F

q

-algeb ra. Let (� ; + ; � )

b e a w ell-o rdered semigroup. An o rder, o r

w eight, function is a surjective mapping � :

R ! f�1g [ � satisfying:

1. � ( f ) = �1 , f = 0

2. � ( cf ) = � ( f ) fo r all f 2 R , all c 6= 0 in F

q

3. � ( f + g ) � max

�

f � ( f ) ; � ( g ) g

4. if � ( f ) = � ( g ) 6= �1 , then 9 c 6= 0 in F

q

such that � ( f � cg ) � � ( f )

5. � ( f g ) = � ( f ) + � ( g )
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First p rop erties

� Axioms 1 and 5 imply that R must b e a

domain; a ring with an o rder function is

called an o rder domain .

� Let K = QF ( R ).

� F rom no w on, restrict to case � a sub-

semigroup of Z

r

� 0

, some r � 1, so �nitely

generated .

� Then WLOG, ma y assume r = tr :deg :

F

q

( K ).

� \o rder" refers to the o rdered F

q

basis of R

with distinct � -values gua ranteed b y axiom

4
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Examples

� Let X b e a smo oth curve, Q 2 X . R =

L ( 1 Q ) is an o rder domain with � = W eier-

strass semigroup of X at Q , � ( f ) = � v

Q

( f ),

i.e. the p ole o rder at Q . (Goppa)

� R = F

q

[ X

1

; : : : ; X

r

] is an o rder domain tak-

ing � = Z

r

� 0

, � a monomial o rder, � ( f ) = �

if LT

�

( f ) = X

�

fo r f 6= 0. (Reed-Muller)

� Many other w a ys to p ro duce o rder domains

from virtually any algeb raic va riet y (of dim

� 1), connections with theo ry of valuations

on function �elds.

� Can also construct o rder domains with a

given �.
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Examples, continued

� Consider � = h (0 ; 2) ; (1 ; 1) ; (3 ; 0) i � Z

2

� 0

� 3 generato rs fo r � ) a surjective ring ho-

momo rphism:

� : F

q

[ X ; Y ; Z ] ! R ;

where � ( X ) = x , etc. and � ( x ) = (0 ; 2),

� ( y ) = (1 ; 1), � ( z ) = (3 ; 0).

� All relations b et w een � ( x ), � ( y ), � ( z ) gen-

erated b y � ( x

3

z

2

) = � ( y

6

)

� Must have � ( y

6

� cx

3

z

2

) < � ( y

6

) fo r some

c 6= 0. ) R

�

=

F

q

[ X ; Y ; Z ] =I , where I = h F i ,

F = Y

6

� cX

3

Z

2

+ lo w er o rder terms
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An extrinsic cha racterization

Can check all such R a re o rder domains (and all

defo rmations of the monomial algeb ra F

q

[�] =

F

q

[ v

2

; uv ; u

3

]

�

=

F

q

[ X ; Y ; Z ] = h Y

6

� X

3

Z

2

i ). In

general,

Theo rem 2 (Geil-P ellik aan) Let R b e an o rder

domain with a given �nitely-generated value

semigroup � � Z

r

� 0

. Let

R

�

= F

q

[�]

�

=

F

q

[ X

1

; : : : ; X

s

] =I

�

b e the \to ric" algeb ra asso ciated to � ( I

�

is a

to ric ideal { generated b y di�erences of mono-

mials). Then R has a 
at defo rmation to R

�

coming from a p resentation of R simila r to our

last example ab ove.
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Co des from o rder domains

T o construct co des from an o rder domain R =

F

q

[ X

1

; : : : ; X

s

] =I , generalize Goppa's construc-

tion:

� Let � b e the o rdered basis of R (o rdered

b y � value) given b y the monomials in com-

plement of LT

>

( I )

� Let X

R

= V ( I ), and X

R

( F

q

) = f P

1

; : : : ; P

n

g

b e the set of F

q

-rational p oints on X

R

� Let V

`

b e the span of the �rst ` elements

of �

� Let ev : R ! F

n

q

: ev ( f ) = ( f ( P

1

) ; : : : ; f ( P

n

))

� Get co des E

`

= ev ( V

`

), C

`

= E v

?

`

.
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Final example { Hermitian sur-

face co des

� Consider the Hermitian surface:

H = V ( X

q +1

0

+ X

q +1

1

+ X

q +1

2

� X

q +1

3

)

in P

3

over the �eld F

q

2

.

� H has ( q

2

+ 1)( q

3

+ 1) F

q

2

-rational p oints.

� Can intro duce a linea r change of co o rdi-

nates to put a tangent plane to the surface

as the plane at in�nit y .

� A tangent plane meets H in reducible curve

made up of q + 1 concurrent lines.

� ) a�ne surface is H

0

= V ( X

q +1

+ Y

q +1

�

Z

q

� Z ), and has q

5

F

q

2

-rational p oints.
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Hermitian surface co des

� Can check the a�ne co o rdinate ring also

has an o rder domain structure.

� Have many automo rphisms, e.g.

� : ( X ; Y ; Z ) 7! ( �X ; �Y ; �

q +1

Z )

(o rder = q

2

� 1)

� � �xes plane at in�nit y and p ermutes the

q

5

a�ne F

q

2

-rational p oints on the surface

in q

3

+ q o rbits of size q

2

� 1, one of size

q � 1, and one of size 1.

� Could also use

� : ( X ; Y ; Z ) 7! ( �Y ; �X ; �

q +1

Z )

(higher o rder if q even).
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Hermitian surface co des, contin-

ued

� F o r instance, the co de from the Hermitian

surface over F

4

constructed b y evaluating

1 ; X ; Y ; Z has [ n; k ; d ] = [32 ; 4 ; 22]

� Minimum w eight co dew o rd comes b y eval-

uating a linea r p olynomial which de�nes

the tangent plane at one of the F

q

2

-rational

p oints on the surface.

� Equals b est p ossible n = 32, k = 4 co de

over F

4

(Brou w er's table).

� But also have Gr• obner basis enco ding, go o d

deco ding, etc. fo r this co de b ecause of the

extra structure(!)
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Comment

� Ironically , when o rder domains w ere intro-

duced b y H�holdt, van Lint, and P ellik aan,

their goal w as to \tak e the (ha rd) alge-

b raic geometry out of the theo ry of Goppa

co des" (!)

� As it turns out, their synthesis of that the-

o ry has made it p ossible to use even mo re

commutative algeb ra and algeb raic geome-

try to construct new examples of erro r con-

trol co des, generalize the existing deco ding

algo rithms, etc.
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