
Mathematical Models MATH 303

Homework Assignment #1

Due Wed., Sept. 5, start of class

You should write up solutions neatly to all problems, making sure to show all your work.
A nonempty subset will be graded. You are encouraged to work on these problems with other
classmates, and it is ok to use internet sources for help if it’s absolutely necessary (with proper
citation); however, the solutions you turn in should be your own work and written in your own
words.

Note: Please list the names of any students or faculty who you worked with on the assignment.

1. Read Chapter 1, “Fibonacci Numbers, the Golden Ratio, and the Laws of Nature?”, from the
course textbook Topics in Mathematical Modeling by K. K. Tung.

(a) Find two different flowers somewhere on campus and count the number of petals on each
flower. Do you find Fibonacci numbers? List the type of flower and number of petals.

(b) The author discusses the purported use of the Golden Ratio and Golden Rectangle in
art and architecture, e.g., the Mona Lisa in Figure 1.7. Use the Internet to find the
dimensions of the actual Mona Lisa. How well do the proportions agree with the Golden
Ratio?

(c) Go to the Cantor Art Gallery and view the exhibit SUMMA, showcasing the work of HC
faculty in the Visual Arts. How many pieces can you find that are close to the Golden
Ratio? Give names and brief descriptions of each “golden” piece. Be sure not to touch
any of the art! Some dimensions are listed on the corresponding placard; others you may
need to measure for yourself. Roger Hankins, the Gallery Director, has a tape measure
available and has graciously offered to provide assistance to anyone who asks.

2. Recall that the Fibonacci Series (Sequence) is defined by the recursive relation

Fn+2 = Fn+1 + Fn, with F0 = 1, F1 = 1. (1)

Find explicit formulas for each of the following and then prove them rigorously using induction.

(a) F0 + F2 + · · ·+ F2n = .

(b) F 2
0 + F 2

1 + · · ·+ F 2
n = .

(c) FnFn+2 − F 2
n+1 = .

3. Let Gn =
Fn+1

Fn

be the sequence of ratios of consecutive Fibonacci numbers. In this problem

we will rigorously prove that the sequence Gn converges to the golden ratio φ = (1 +
√

5)/2.
You may assume that Fn is an increasing sequence of natural numbers.

(a) Prove that {G2n}∞n=0 is an increasing sequence bounded above. Hint: Use your answer to
part (c) in the previous question.
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(b) Check that your proof in part (a) can be easily amended to show that {G2n+1}∞n=0 is a
decreasing sequence bounded below. You don’t have to write anything down except for
your lower bound.

(c) By the Monotone Convergence Theorem, the sequences G2n and G2n+1 each converge,
that is,

lim
n→∞

G2n = L and lim
n→∞

G2n+1 = M.

Show that L = M . Hint: Use the property that the limit of the difference of two
sequences is equal to the difference of the two limits.

(d) Conclude that lim
n→∞

Gn exists (call the limit G) and show that G = φ. Hint: Divide both

sides of the recursive equation in (1) by Fn+1 and then take the limit of both sides.

4. Show that the continued fraction expansion below is equivalent to the Golden Ratio φ:

α = 1 +
1

1 +
1

1 +
1

1 +
1

. . .

The
. . . indicates to repeat the construction ad infinitum. You may assume that the infinite

fraction converges. Hint: Notice that the entire expression, call it α, appears within itself
(kind of like a self-similar fractal). Write down a finite equation involving α and then solve it.

5. Complete the following exercises from the course textbook:

Chapter 1 (pp. 22–26): # 1, 6 (see the figure below for assistance)

self-contacting [9]. The values of rsc as a function of θ have been completely determined [9]. To determine
the value of rsc, find the smallest scaling ratio such that there is part of the tree besides the trunk that is on the
affine hull of the trunk [9], [12]. Figure 4 displays three different self-contacting symmetric binary fractal
trees. Further details about the general class of self-contacting trees are available [9], [11], [12].

To describe the fractal trees and their scaling properties more precisely, we use an address system. For
any r 2 (0,1) and any θ 2 (0±,180±), the generator maps mR(r,θ) (or just mR) and mL(r,θ) (or just mL) are:

mR
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x
y
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∏
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(5)
An address A = A1A2 · · · is a string (finite or infinite) of elements, with each element either R (for ‘right’)
or L (for ‘left’). The level of the address is equal to the number of elements in the string. The only level 0
address is the empty address A0. An address map mA is a composition (finite or infinite) of generator maps.
An infinite address map is the limit of finite address maps, and is well defined because r 2 (0,1). IfC is any
compact subset of R2 and if mA is a level k address map, then the set mA(C) is a compact subset of R2 that
is similar toC with contraction factor rk.

The trunk T0 of any tree is the closed vertical line segment between the points (0,0) and (0,1). The
image mR(T0) is the first branch to the right of the trunk and the image mL(T0) is the first branch on the left
side. Given an address A, mA(T0) is a branch. The point with address A, PA is mA((0,1)). If A is finite the
point is a vertex, if it is infinite, the point is a tip point. The symmetric binary fractal tree T (r,θ) is defined to
be the limit as the number of levels of branching goes to infinity. The top points of a tree are all points of the
tree that have maximal y-value. For an address A= A1A2 · · · , there exists a natural path on the tree that starts
with the trunk and goes to PA, consisting of the trunk along with all branches b(Ai), where Ai = A1 · · ·Ai.
We denote this path p(A). A level k subtree of a tree T (r,θ) is mA(T ) for some level k address A, denoted
by SA(r,θ) or SA.

2 Golden Trees

(a)T (1/φ ,60±) (b)T (1/φ ,108±) (c)T (1/φ ,120±) (d)T (1/φ ,144±)

Figure 5: Golden Trees

We now discuss the relationship between the golden ratio and self-contacting symmetric binary fractal
trees. There are exactly four self-contacting symmetric binary fractal trees for which rsc = 1/φ (see Figure
5), corresponding to 60±, 108±, 120± and 144± [11]. The golden tree T (rsc,60±) has been discussed in other
literature [13], [10]. Each tree possesses remarkable symmetries in addition to the usual left-right symmetry
of symmetric binary trees. The trees all seem to ‘line up’. Most of the observations and figures are given
without proof, and generally the proofs are wonderful exercises involving trigonometry, geometric series, the
scaling nature of the fractal trees, and the many special equations involving the golden ratio (so very good
for students!).

Figure 1: The Golden Tree (Exercise #6). You should explain the presence of the vertical branches.
Why does that help you solve the problem?
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